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Mean free paths of very-low-energy electrons: The effects of exchange and correlation

David R. Penn
National Bureau of Standards, Washington, D.C. 20234
(Received 14 April 1980)

The mean free paths of low-energy electrons in a free-electron-like material are calculated using a screened
electron-electron interaction which is antisymmetrized for the case of parallel-spin electrons. Calculations are
carried out for several different approximations of the screening function: Fermi-Thomas, Lindhard, Singwi, and
Kukkonen-Overhauser. The first three yield mean free paths that agree to within 10%, while the Kukkonen-
Overhauser screening yields mean free paths that are roughly half those given by the other approximations. The
effect of the Pauli principal in all cases is that the scattering between antiparallel-spin electrons is roughly three to

ten times stronger than between parallel-spin electrons.

1. INTRODUCTION

The inelastic mean free paths of hot electrons
in free-electron materials has been the subject of
much study, and agreement between theory and
experiment is good.! However, the mean free
paths of electrons at very low energies has re-
ceived relatively little attention due in large part
to the difficulties in obtaining experimental data.
Many years ago Ritchie and Ashley (RA)? pointed
out that when the energy of the “hot” electrons
is comparable to those of the solid it is necessary
to take exchange into account. They carried out
calculations in which the screening was given by
Fermi-Thomas theory and the interaction between
the hot electron and an electron of the solid was
antisymmetrized when both had the same spin.
This greatly reduced the interaction of the hot
electron with those of parallel spin and the mean
free paths they calculated where almost a factor
of 2 larger than if exchange had been neglected.
On the other hand, Kanter® later measured the
mean free paths of 5-eV electrons in Al and found
them to be 50A compared to 62 A predicted by the

Quinn and Ferrell theory* which neglects ex-
change. Kleinman® introduced a different approx-
imation for the exchange-corrected electron-elec-
tron interaction and found it gave little change
from the Quinn theory. However, Kleinman’s
effective electron-electron interaction between
parallel-spin electrons is not antisymmetric.

Since these early papers much work has been
done on the effective electron-electron interac-
tion, i.e., on the effects of exchange and corre-
lation, and our purpose is to incorporate some of
those results into a calculation of the electron
mean free path for low-energy electrons, 1s e/
€x< 1.2, where €y is the Fermi energy and € is
the energy of the hot electron.

In Sec. II an expression for the mean free path
in terms of the effective electron-electron inter-
action is given and in Sec. III various forms for
the electron-electron interaction are discussed.
These include the Fermi-Thomas, Lindhard,
Singwi, and Kukkonen-Overhauser approximations
of the interactions. In Sec. IV numerical results
are presented for the electron mean free path and
for the spin dependence of the scattering.

II. FORMULA FOR THE MEAN FREE PATH

Let the hot electron have momentum p,, energy €, and spin o, After an interaction with an electron
from the solid it is scattered into the state Pg, €ppr O and the solid electron is scattered from lo, €100 a’
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The probability of this event per unlt time is given by the Born approximation as
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where f is a Fermi function and U%’ (¢, w) is the
screened electron-electron interaction between
electrons of spin ¢ and spin ¢’. I the electrons
have the same spin then the exchange process must

22

I

be taken into account and this results in the term
proportional to 6,,, in the matrix element of (1).
The first delta function insures momentum con-

servation and the second gives energy conserva-
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tion. Equation (1) is identical to that used by RA
and it assumes that exchange is properly taken
into account by antisymmetrizing an appropriately
screened interaction, U. This approximation has
recently been discussed in detail by Kukkonen and
Wilkins.®

For g, [ep=~ 7= 1 one can make the approximation
| pol N\pFl =~| ] |=|1,|~Ek,, where %, is the Fermi
momentum. Consequently, the effective interaction
becomes

U(q, w)gU(Q; O)E U(q) . (za)
Also,
| Bo=Bel V2R VI=ly , | Bo=Tp| = VEop V=1,
(2b)

where U =cosf,, and y,=cosf, and 6,6, are the
i

PENN 22

angles between P, and P, and between { , and B,,
respectively. p, is chogen as the direction of the
z axis. Summing over [, in Eq. (1) yields

ppo = 21r Z

(L =Fp o)l =F 1par)

1pppo’ o
pr+lF—poo'I (“-F;lJ'e)
><6(e,,0+e;F_;0 —€, —e,F) s

(3a)

where

Im,(“r: P‘e)zl Um'(mf V1-pp)
by UR'WBR VI=T,)?.  (3D)

Use of the relation

Brlp =kZ [popp+ 1 =p2) 21 - p2) 2 cos(g, - ¢5)]
in the delta function of Eq. (3b) followed by integration over I, p yields

t _4_"_"_1_( )
Proo™ T TT ¢, \28

where the integrations over I, and pf are subject
to the conditions

€1pr€pp” €5 €1 €, —€, . » (5)

In the case o=0’ there is also the condition
1

. (& 2 MM gy dy 1
oo’ — A(—2o _ ¢ Alp
by, A(ef 1) ,[1 .[1 Vi—p, V1=, Vi +ip

17dlpedppiedup g’
ff V- u VT = g+ pp I s ) @

€y~ €, SO as to avoid double counting. Integrat-
ing over Ir and pp yields

5 b +% (62)
where )

XU W2 e VI = )2 = 000 UP (V2 kp VI =) U W2 kpvi=pp)], (6b)

where
1 e? 1 QkZE 2 :
4 “n ;0- (277 21r2> (41rez> ’ (6c)

where a, is the Bohr radius. Antisymmetrization
of the screened interaction gives the term propor-
tional to 6, in (6b).

RA used

U™ (q) = (4me2/Q)[1/(¢* + 424)],
where gp; is the Fermi-Thomas momentum. The
mean free path is related to pg’o by

Mpyo = (kg /m)(1/p5) . )

For the purpose of numerical computation it is
helpful to remove the singular denominator in the

r
integral of Eq. (6b). This can be done by the
change of variables, y,=vV1-y,, Y=Vl - fol-
lowed by ¥, =(2-y2 )1/2 sin6 to obtain the result

ff d“‘e u’j 1
Vi-pp Vi-p, Vp+pp
X & (V1 = )h(V1 = i)

V2 T/2
=4f dyeg(ye)f don((2 -y2)/2sine) .
1] 0
(8)
III. THE ELECTRON-ELECTRON INTERACTION

The interaction between the hot electron and an
electron of the solid is screened by the other
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metal electrons. The effective interaction is
shown in Fig. 1(a) in the usual “bubble” approxi-
mation. The first diagram represents the direct
Coulomb interaction and the second represents
the Coulomb interaction mediated by the excita-
tion of an electron-hole pair. The diagrams can
be summed to obtain

U=v+ V(=) +v(=1)u(=1)pv4e--

=v/(1+vr°, (9a)
where
v(q) =4n1e*/q’Q (9p)
and
7°(q) = (0.1667, /x?)L(x) , (9¢c)
where

Lx)=3+{[(1 =x2)/4x]ln| 1+x)/1=x)|}  (9d)
and

x=q/2kg , (9e)
where (41/3)7% a3=QN; a, is the Bohr radius and

N is the number of electrons. This approximation
gives the Lindhard dielectric function; i.e.,

Uy (q)=v(g)/e (q) , (102)

where the Lindhard dielectric function is

enLl@=1+vr°, (10b)

€, can be approximated by

5}‘1‘(‘1) =1+ (qF'r/q)z (11a)
where
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FIG. 1. (a) Diagrams for the effective electron-electron
interaction resulting in screening by the Lindhard di-
electric function. (b) Diagrams for the case that the two
interacting electrons experience an interaction v dif-
ferent from that of the screening electrons, v’.
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2= (12/m)2/3(a2r )™ . (11b)
This yields

Ugpl@) = v/epy « (11c)

For small g, €pp~€, but for large q, €pr>€.
RA used Ugprin calculating the mean free path.
This approximation for U is particularly conven-
ient as it allows the integrations in Eq. (6a) to be
done analytically.

A more sophisticated approach is to take ac-
count of exchange and correlation among the
screening electrons as was done by Singwi and
coworkers.” They derived the screened interac-
tion

Ug(q)=v/eg , (12a)
where
€s(@)=1+[vr®/(1 =G4n9)], (12b)

where G, (q) can be expressed as

Gs(@)=A(l —e™*3%) | (12¢)

and A, B are functions of 7, given in Ref. 7.
Equation (12) for Ug can be understood as follows.
Let the interaction between two screening elec-
trons be v’ rather than v due to the effects of ex-
change and correlation. Then the interaction be-
tween the hot electron and an electron in the solid
is from Fig. 1(b):

Ug=v=vrv+ur® 1 = vr®V/ 7% v+ - -

=1+ -] /(1+ V') . (13)

If ~Ggv is the exchange and correlation potential
then

Vv =v(l-Gg), (14)

and use of Eq. (14) in Eq. (13) yields (12). Conse-
quently, vGg is the reduction in the electron-elec-
tron interaction of the screening electrons due to
correlation and exchange.

As emphasized by RA, the hot electron and the
electron with which it interacts must also ex-
perience an exchange and correlation correction
so that a better approximation for U is obtained
by replacing v in Fig. 1(a) and Eq. (9) by v'=r(1
—Gg) with the result

Ugr=v' =v'1% +v' 7% 1% = ..

=y /(1+ V7% . (15)

I will use this form for the “Singwi” screened
electron-electron interaction.
A still more realistic way to take exchange and
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correlation into account is allow for an interaction
v between parallel~spin electrons and a differ-
ent interaction »°° between antiparallel-spin elec-
trons. The interaction between the hot electron
with spin o and a metal electron with spin ¢’ is
from Fig. 2,

’ ’ ’ o ao!
o' = yoo’ _ yoog0y 00’ _ 00,0007

= yoo' . Yoo popyoo’ _ VGEWOUao' . (16)

Solving Eq. (16) for U®, U gives

UP=[3(V'+V7)+2V*'V~"]/D (17a)
and

U*=%v*-v-)/D, (17b)
where

D=1+V* 1)1 +V~7°) (17¢)
and

V* =y 4y s _ (17d)

V= =p% -y, (17e)

These results are identical to those of the Kuk-
konen and Overhauser® (KO) equations (32) and
(33) for the interactions they denote by V:

Vu=U0%, (18a)

Th=U" (18b)
and

v(1-2G,)=v", (18¢)

vl -2G,)=v", (18d)

where - 2vG,, —2vG, are the exchange and corre-

/VW’ \ -
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FIG. 2. Diagrams for the effective interaction U be-
tween electrons of spin ¢ and ¢’ when their direct inter-
action is v%’,
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lation potentials introduced by KO. They point out
that the direct exchange and correlation potentials

should be subtracted from U% and U% to obtain
the screened potentials

Ugo=U% =(v* =v), (192)
US =U% - (b - ) . (19b)

In the notation of KO, Vi =Ug3 and V y+=Ug3 with
the result [KO, Eqgs. (34) and (35)]

w=vu={v[1+(1-6G,)G6,Q]/D}- (G Q/D,) ,
(20a)

Ugs= vi={v[1+(1-G,)G,Q]/D}+ vG*Q/D,)

(20b)
G,=G,+G, , (20c)
G.=G, -G,, (20d)
D, =1+(1-G,)Q, (20e)
D,=1-G_.Q, (201)
Q=vr’, : (20g)

For the purposes of numerical calculations, val-
ues for G, and G. were taken from Ref. 7.

IV. NUMERICAL RESULTS

From Eqgs. (6) and (7) the ratio of the mean \
free path corresponding to the screened interac-
tion U’ to that of Quinn and Ferrell (QF), (which
ignores exchange and uses U =v/e;) is

TABLE I. Ratio of the mean free path to that calcu-
lated by the Quinn-Ferrel theory, Aqp, using antisym-
metrized electron-electron interactions given by (a)
Ugr, the Fermi-Thomas interaction of Eq. (11); () Uy,
the Lindhard interaction of Eq. (10); (c) Ugs, the modi-
fied Singwi interaction of Eq. (15); (d) Uko, the Kuk-
konen-Overhauser interaction given by Eq. (21). The
ratios are independent of the hot-electron energy for
low energies but depend on the electron density through
V.

Ts Apr/AarF AL/AQF Ase /A Axo/Aqr
1 1.58 1.51 1.51 1.01
2 1.75 1.70 1.73 0.90
3 1.90 1.81 1.88 0.80
4 2.01 1.89 1.99 0.71
5 2.10 1.93 2.09 0.64
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A 1 1 1 1 . -1
Yo 2‘f f Ao dpp My, pp)l U (V2R VI = pp)|? (f f dpgdpp M(u,, uF)Io(ue,up)) ) (21a)
-1 Y=1 =-1Y=1
where »
Mg, pp)=(V1=p, VI=ppvu,+up)? (21b)
and
Io(tos bp) =UR(NV2Rp VI =1, )2+ U (V2, VI = 11,)2 = 20 (VBRI = 1, ) UP (V2 V1= iy . (21c)
The ratio of scattering of the hot electron from electrons with spin parallel to it to that of scatter-
ing from antiparallel electrons is from Eq. (6)
g0 1 1
Lo [ [ dudus Mg, b)) (U™ (2o VT= 1, = U™ (2 = U™ (V2 VT 157)]
-1 7-1
1 1 —
x(f f dueduFM(u,,,pF)U""(x/Zka/I—ue)z) . (22)
-1 ¥Y=1

Equations (21) and (22) have been evaluated nu-
merically with the help of Eq. (8) for a number of
different screened interactions, U%': (a) U ET
the Fermi-Thomas interaction of Eq. (11); (b)

U, the Lindhard interaction of Eq. (10); (c) Ug/,
the modified “Singwi” interaction of Eq. (15); and
(@) Ugo, the Kukkonen-Overhauser interaction of
Eq. (21). Results for 1/x,, as a function of 7, are
presented in Table I and results for p®/p™® as a -
function of 7, are given in Table II.

The results for A/Aqr are remarkably similar
for interactions Ugr, U and Ug,. The resultant
mean free paths are considerably longer than
those given by the Quinn-Ferrell theory because
exchange greatly weakens the interaction between
parallel-spin electrons. This effect increases
with increasing 7 due to the decreased moment-
um dependence of the screened interactions. The
relationship between the parallel-spin interaction
and the momentum dependence of the interaction
is due to the following. In the limit that the ex-

TABLE II. Ratio of the scattering probability of a hot
electron from electrons of parallel spin to the scattering
probability from electrons of antiparallel spin for the
Fermi-Thomas, Lindhard, modified Singwi, and Kuk-
konen-Overhauser interactions.

s /e /00 /0T /0o
1 0.34 0.33 0.47 0.35

2 0.20 0.18 0.34 0.21

3 0.14 0.10 0.25 0.14

4 0.10 0.060 0.19 0.095

5 0.077 0.036 0.14 0.069

change interaction is independent of momentum
transfer and energy loss the exchange term must
exactly cancel the Coulomb term for interactions
between parallel-spin electrons and I have as-
sumed that the interaction is energy independent
for low-energy electrons. On the other hand the
Kukkonen-Overhauser interaction is much strong-
er than other interactions due to the fact that
dirvect exchange and correlation have been re-
moved in forming the interaction [see Eq. {19)].
Thus, despite the fact that the interaction between
the hot electron and those of parallel spin is very
weak relative to those of antiparallel spin, the
mean free paths are actually shorter than those of
the Quinn-Ferrell theory in which both parallel-
and antiparallel-spin scattering are of equal im-
portance. The ratios p°%/p°° are given in Table
II and are in large part a measure of the moment-
um dependence of the screened interactions; the
smaller the momentum dependence the smaller is
p®/p® as is evident from Eq. (22).

V. CONCLUSION

As pointed out by RA the inclusion of exchange
through antisymmetrization of the effective inter-
action results in a drastic reduction in the scatter-
ing of the hot electron by those of parallel spin
relative to scattering from antiparallel-spin elec-
trons. However, inclusion of exchange and corre-
lation corrections via the KO theory results in a
much stronger interaction than that suggested by
conventional theory. Consequently, mean free
paths predicted by the KO theory are smaller
than those given by Quinn-Ferrell despite the fact
that in the latter theory the interaction of par-
allel-spin electrons is equal to that of antipar-
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allel spin. The only low-energy mean-free-path
measurements on a free-electron material were
carried out by Kanter® who found a mean free path
of 50 A for 5-eV electrons in Al. The Quinn-
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Ferrell theory predicts 62 A, and from Table I

(7, =2), only the KO theory gives reasonable
agreement with Kanter’s result which is, however,
subject to experimental uncertainties.
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